The objective of the present paper is to determine the generalized Hyers-Ulam stability of the mixed additive-cubic functional equation in n-Banach spaces by the direct method. In addition, we show under some suitable conditions that an approximately mixed additive-cubic function can be approximated by a mixed additive and cubic mapping.
Introduction and Preliminaries
A basic question in the theory of functional equations is as follows: when is it true that a function, which approximately satisfies a functional equation, must be close to an exact solution of the equation?
If the problem accepts a unique solution, we say the equation is stable see 1 . The study of stability problems for functional equations is related to a question of Ulam 2 concerning the stability of group homomorphisms and affirmatively answered for Banach spaces by Hyers 3 . The result of Hyers was generalized by Aoki 4 for approximate additive mappings and by Rassias 5 for approximate linear mappings by allowing the Cauchy difference operator CDf x, y f x y − f x f y to be controlled by x p y p . In 1994, a generalization of Rassias' theorem was obtained by Gȃvruţa 6 ,  who replaced for all x, u 2 , . . . , u n ∈ X. By 2.6 , 2.10 , and 2.11 , we have 
for all x, u 2 , . . . , u n ∈ X. By 2.14 and 2.20 , we have
for all x, u 2 , . . . , u n ∈ X. By 2.6 , 2.15 , 2.16 , and 2.17 , we have
for all x, u 2 , . . . , u n ∈ X. It follows from 2.6 , 2.8 , 2.9 , and 2.22 that 
for all x, u 2 , . . . , u n ∈ X. By 2.9 , we have
for all x, u 2 , . . . , u n ∈ X. From 2.23 and 2.25 , we have
for all x, u 2 , . . . , u n ∈ X. Also, from 2.18 and 2.26 , we get
for all x, u 2 , . . . , u n ∈ X. On the other hand, it follows from 2.21 and 2.27 that
for all x, u 2 , . . . , u n ∈ X. Therefore by 2.24 and 2.28 , we get
for all x, u 2 , . . . , u n ∈ X. Also, we get
for all x ∈ X. Replacing x by 2 j x in 2.31 and dividing both sides of 2.31 by 2 j 1 , we get
for all x, u 2 , . . . , u n ∈ X and all integers j ≥ 0. For all integers l, m with 0 ≤ l < m, we have for all x ∈ X. Putting l 0, then passing the limit m → ∞ in 2.33 , and using Lemma 1.6 4 , we get for all x, y, u 2 , . . . , u n ∈ X. By Lemma 1.6 3 , DA x, y 0 for all x, y ∈ X. Hence, the mapping A satisfies 1.1 . By 11, Lemma 2.3 , the mapping x → A 2x − 8A x is additive. Therefore, A 2x 2A x implies that the mapping A is additive.
To prove the uniqueness of A, let B : X → Y be another additive mapping satisfying 2.4 . Fix x ∈ X. Clearly, A 2 l x 2 l A x and B 2 l x 2 l B x for all l ∈ N. It follows from 2.4 that
for all x, u 2 , . . . , u n ∈ X, and l ∈ N. By 2. 
2.40
for all x, y, u 2 , . . . , u n ∈ X. Then, there is a unique additive mapping A : X → Y such that 
for all x, u 2 , . . . , u n ∈ X, where
2.44
Proof.
X for all x, y, u 2 , . . . , u n ∈ X, and apply Theorems 2.1 and 2.2.
The following example shows that the assumption p / 1 cannot be omitted in Corollary 2.3.
1, for |x| ≥ 1.
2.45
Consider the function f :
for all x ∈ C, where α > |k|. Then, f satisfies the functional inequality
for all x, y, u ∈ C, but there do not exist an additive mapping A :
It is clear that |f x | ≤ α/ α − 1 for all x ∈ C. If |x| |y| 0 or |x| |y| ≥ 1/α for all x, y ∈ C, then the inequality 2.47 holds. Now suppose that 0 < |x| |y| < 1/α. Then, there exists an integer n ≥ 1 such that 1 α n 1 ≤ |x| y < 1 α n .
2.48
Hence, α m |kx ± y| < 1, α m |x ± y| < 1, α m |x| < 1 for all m 0, 1, . . . , n − 1. From the definition of f and 2.48 , we obtain that
2.49
Therefore, f satisfies 2.47 . Now, we claim that the functional equation 1 for all x ∈ X. Replacing x by 2 j x in 2.56 and dividing both sides of 2.56 by 8 j 1 , we get
for all x, u 2 , . . . , u n ∈ X and all integers j ≥ 0. For all integers l, m with 0 ≤ l < m, we have for all x, y, u 2 , . . . , u n ∈ X. By Lemma 1.6 3 , DC x, y 0 for all x, y ∈ X. Hence the mapping C satisfies 1.1 . By 11, Lemma 2.3 , the mapping x → C 2x − 2C x is cubic. Therefore, C 2x 8C x implies that the mapping C is cubic.
